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The problem of numericalrealization of a function of the hereditary operator
acting on some function of time is considered. Laplace transformations are
used for the operators with kemels of the Rabotnov and Rzhanitsyn type to
obtain formulas which reduce the problem in question to that of computing
a quadrature, When the variable assumes large values, the formulas become
asymptotic equations with an estimable error of approximation,

1. Effective solution of a wide class of problems of hereditary elasticity requires
the application of the Volterra principle [1]. The replacement of the elastic constants
of the material by the corresponding rheological operators, which is carried out in
the solution of the problem for a perfectly elastic body, leads to the necessity of com-
puting the convolutions of the form

t

@M i), ¢ =\q(t—1)f(x)dr (1.1)

0

g ac*f = a;* (@*f),  ¢*"fF = ¢* (¢*"Y)

Here ¢ is a function of the spacial coordinates Zx and integral operators ¢;* in
the sense adopted in [1], ¢ is time, and q (¢ — T) is a kemel of the operator g%,
depending on the difference of the arguments,

If ¢ is a rational function of the resolvent operators of the same class, then the
expression (1, 1) reduces to quadratures according to the well known rules [1]. In the
general case the numerical realization of (1. 1) is achieved by writing the function @
in the form of a series in powers of the operators g¢* , and then applying the formulas
(1.1). A detailed interpretation of the functions of the operators and consequent com-
putations are, as a rule, very time-consuming except in the case of small ¢, the
latter ensuring the rapid convergence of the series. It is therefore expedient to constr~
uct effective computational algorithms for the expressions (1. 1).

When Laplace transforms are applied to the initial relationships of the theory of
hereditary elasticity we find, that in order to compute (1. 1), it is necessary to invert
the expression @ (z; Q (p))F (p) where p is the transformation parameter, Q (p) =

L {q (t)} and F (p) = L{f (t)} are the Laplace transforms of the kernel g (t)
of the operator g* and of the function f (?) respectively. Applying this to the operat-
ors g* with the hereditary kernels appearing as the fractional power exponentsJy, (B,

t) due to Rabotnov [1] and the function Py (A, ¢) due to Rzhanitsyn [2]

k Jkr+o
3a(B,t) = ZP[“,{,‘MJ, B<O, 0<r=1+a<gt (LD
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Po(ht) = Ptr)t“e“, A<0, 0<r=14a<1 (1.3)

the Laplace transforms of which are analytic functions with a characteristic singularity
in the form of a branch point on the complex p-plane, we can compute the convolu-
tions of the type (1. 1) over a wide range of values of ¢,

2. Let @ be a function of a single opeator ¢* and

Q@) =0:1(), z=(p—», 240, 0<r<1 2.1
According to the Mellin formula,
1 O-Fico
OO =g | @Q@E)F(p)erdp (2.9
G-—ioo

¢ (g*) = o(z; ¢*), 9 (@ (p)) =0z Q(p)

Here the integration is carried out along the straight line Re p = o situated in the

D -plane to the right of ail singularities of the integrand function. We shall assume
that in the finite part of the plane, with | arg p | <Cm , this function can only have
a single branch point p = A and, perhaps, a finite number of poles, none of them
lying on the negative realsemi-axis to the left of the branch point, To separate a
single-valued branch of the function, we produce a cut along this semi-axis to the
left of the point p = A. Taking into account the residues of the poles, we replace
the integration path in (2. 2) by a contour consisting of the upper I', and lower I'_
edge of the cut, the arcs I'; and I, of the circle of infinite radius and of the circle

I'e of vanishingly small radius, with centers at the point p = A . Assuming that
the conditions of the Jordan lemma hold and the integrals along the arcs I’y and I
vanish, we obtain

D(a*) () = o (@ QE)F (Prerdp+ Y Res[0(Q () F (P)e¥] (2.9)
H K] P

Here the contour H = I'_ + Ty + I', is traversed in the anticlockwise direction,
and the residues are calculated over all poles p,, |arg (ps — A)| # =

Substitution of z = (p — A)" from (2. 1) maps the contour H onto the contour
H, inthe 2 -plane, the latter contour consisting of the arcs arg z = —=7r and
the arc of the circle |z | = & = g;. Let

@ (@ () = ¢1 (3) = 27D (2)
Here v > 0, and @ (z) is a single~-valued function analytic on the contour
and in the region | z | <{ &, . In this case we have the following approximation [3]
on H, :
n % "
- k) 2
d)(o)=2q)< (0) 57 + 0a (2), @(k)(z)=%, n>0 (2.4)

k=0
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(2.9)

RER ik
n (2 M, , Mpy =
[on (D) << Masy 71— (n+1)! n41 mxlax

where I is a line connecting the point 2 of the contour H, with the point z = 0,
We assume that the following representation is possible for the function F (p)
analytic on H, but not necessarily regular at the point p = A, forall p & H ;

m
F(P)“'—"E.:obz'(l?-—?v)"‘““-%?m, m>0, p=0 (2.6)
[vm | <<A|p—A|™#+, A = const > 0 (2.7

The conditions (2. 6) and (2, 7) are satisﬁed,- in particular, by the transforms of the
functions 28 (8 > —1), sin @f, cos wt, e (b > A).
By virtue of the equation [4]

2m'§(p Ao ert dp = Ty (t; ) &M, TI(z,m)_—_"f_;T, ©0=0 (2.8

the expansions (2,4) and (2, 6) transform (2, 3) to the form

™y ®
e =Yy Y 5200

k=0 j=0

Z Res [ (Q (P)) F (p) "] + Tun ()

Te(titk +j+p —rv)+ (2.9

T (t) = (2.10)

2 (§+ §+ O [vmo@ @) +on i by (p — hypw-r] dp}

. 1, T} ey

If the numbers 7 and m in (2,4) and (2. 6) satisfy the inequalities
rn+)+u>mw—1, m+p+1i>rv—1 (2.11)

then the integral along T's in (2. 10) vanishes as & = 0 by virtue of (2, 5) and (2.7)
and the boundedness of the function @ (z) near the point 2 = 0 . The remaining
integrals along the edges I', and T'_ of the cut on which p — A = ze*i", 7z =
|p — A, yield the formula

Tmn (t) = — Lne”S etV (z)dz (2.12)
0

Here 1 (z) denotes the imaginary part of the expression within the square brackets
in (2. 10) at the upper edge of the cut, i.e.
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V(@) = Im [ 19 (Q () + pu 3 b5 (p — AY+] (2.19

p=A-txel®

We note thatif p, = 0 or vy, = 0, then the first or second condition of (2, 11),
becomes respectively superfluous,

Taking into account the relations (2. 5) and (2.7) we obtain, from{2.12) and
{2.13), the following estimate {where the maximum is taken over arg z = - ar} ¢

[ rmn (8) | < -,it—e“ {Alonz @m+p—rv+2)+ (2. 14)
M m
T VI TG m A4+ p—rv 4 1)}
fery
"o (2)

Tyt @) =T (@)1, My=max|® ()|, Mn, = max

dz"+t

When the values of ¢ are sufficiently large, then (2.14) implies that r,,, () canbe
neglected and the expression (2.9) used as an asymptotic expansion.Moreover, the form-
ulas (2.9)and (2. 12) make possible the calculation of the convolution ¢ (¢*)f (£)also for
other valuesof ¢, providedthat the quantities p, and v, in(2,13) areexpressedin
terms of the relations (2.4) and (2. 6) and an approximate value of the quadrature(2,12)
is found, The numbers 7 and m should be chosen as small as possible, with (2, 11)
taken into account, The integral in (2, 12) is a Laplace transform, with parameter ¢ ,
of the function of real variable ¥V (z). This proves the following theorem,

Theorem., Let

(1) a function @ (u) analytic in the circle | u | < o (4o = const >0)
define a function of the hereditary operator @ (g*) (1.1) and let the Laplace trans-
form Q (p) of the operator g* on the plane of the transformation parameter have
abranchpoint = A (A<C0) and @ {(Q(p)) = (p — M) D lp — V],
0<r<i1, v>0 where @ (z) isa single-valued function on the rays arg z =
—+ sir, at the point z = () and in its neighborhood;

(2) the operator function @ (g*) act on the function f (f) the Laplace trans-
form F (p) of which admits, on the negative semiaxis, at p < A and near the point

p = A , the representation (2, 6), (2.7):

(3) the product @ (@ (p))F (p) tend to zero uniformly in arg p as p-» oo
and Rep <C ¢ = const ;

(4) amongst the singularities of the expression @ (Q (p))¥ (p) there exists, on
a finite part of the p -plane with |arg p [ <{m ., only a single branch point

P = A and possibly a finite number of poles none of which lie on the negative part
of the real semi-axis to the left of the point p = 3,

Then the convolution @ (g*)f (£) will be given, for any finite £ >0 , by the
formulas (2. 9), (2.12) and (2, 13), and at sufficiently large { the relations(2.9) will
assume the meaning of an asymptotic equation with (2. 14) providing the estimate of
its remainder term,

The formula (2. 9) enables us, in particular, to establish the behavior of the con-
volution ¢ (g*)f () as ¢t — oo . A finite limit value exists if Rep, <C 0 and
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either A <<Q or A =0 forall poles p, at which the residues are computed
without however positive powers of ¢ appearing in the expansion (2, 9). When A =
0 and f(f) = const , theindex p = — 1 and, provided that the conditions
Reps << 0, @ (0) #= 0 hold, the convolution is bounded if v = 0.
From the known theorem of operational calculus we have

limg*-1 = limp [Q ) -H =0 () (2. 15)
0

{-rco
lim @ (%) 1 (¢) = lim p@ (Q (p)) F (p) = ¢ (Q (0)) lim pF (p) =
100 P8 p-+0
¢ (lim g*-1) f (o)
provided that the limits in question exist, The assertion (2, 15) represents a limiting
theorem for the hereditary operators, established in [1).

3. Let us now consider the operator g% with the kemel (1.2) x9« (B, ), % > 0.
Since L {3 (B,t)} = (p" — B)™* , wemustput A =0 and z=p and

assume, in the case when ¢ (Q (p)) has no singularity at the point p = 0 , that
v = (. We also have

® (2) = ¢ (x/(z — B)), O® (0) = (— 1)*d%¢p (— /B)/ap* (3.1)

n

b vk ke _
90da* OO = Y, Y b TH R Taltrk )+
k=0 j=0
R
2t o

Let the function ¢ (1) be analytic in the circle | u | < u, and
% %
max *——---] =-u
arg z=4nri 2— B 1 Lo
Then, when re<{ Y, g=|f| and r >, g= [P| sinar. In this case

the quantities M, and M, from (2, 14) can be written in the form of a series, In
particular, for M,,, we have

Z) B e ] a0

Mgy = max I 2 (— 118 (z — ﬁ).;,..n-li

arg 2==-nr ' j=0

Sin=(J -+ n)! i@ (O)/I(f — 1) /1]

Ifanl @@ (0), j =0, 1, 2, ..., have the same sign, then

—jene A" (wig) o (3.2
n+l l;‘gﬁlﬂg‘)nl gm-l 1’ M°<Im(g)l
When the sign alternates, i.e., sign ¢ (0) = — sign ¢+ (0), j =0, 1,

2, ..., wehave
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T e B i =Ly VAN PR EE

=0
The above inequalities simplify the estimation of 7, (f) when formula (2, 14) is us-
ed,

When f () = const and A = 0 in(2.6), wehave b, =0, b; = 0 (j >
1), p = — 1, vy, = 0, and the formula (3, 1) coincides, in the absence of the res-
idues, with the asymptotic expansion obtained in [5]. If f(f) = (8 > — 1),

¢ (g*) =gq*, 0 =1,2, ..., ¢() =%a (B,1), then by= I' (1 + 9),
b =0 (G>1), n=—08—1, vy = 0. In this case the formula (3. 1) and the
estunates (2.14) and (8. 2) yield the relations obtained in [6],

Example 1. Let @ x3.* (B) = (1+=9,* (B)", x>0, B <0, f{) = 1.
Then F(p) = P! andin(2.6) wehave ) =0, by =1, m =0, p= —1, y = 0.
When » = 1, we have, in accordance with (3, 1),

1/, n \Ye ® &
(1459, (B 1 = (1~ =) T T

®)

From (2. 14) we obtain
[y (0] MLT 20670 [ 2m), My << ng™ g™ (o] (4gy) + 1)

Here, when r<<,g:=|B|, g =B, |, andwhen r >, g =|B| sinzr, g = |B;|

sinne, B, =Pp—x» . Thus, if o= —0.7 (r=20.3), p = —1, »=0.5 ,then
(1 4 %3, *(B))'*-1=1.225 — 0.457r7%3 +- ry (1) and [ry ()| < 0.105:70¢. The above
results can be extended to the case of two and more operator arguments of the function

¢ . In particular, when ¢ =¢ (#1934, (By)s %294,* (B2)) and under the condition

that the operational analog of this function is bounded in the neighborhood of the point
p=0 and 1+ o;=c¢r 1+ 0 =cor where ¢, and ¢, are positive integers
and 0 <<r <1, we have the following relations for the function @ (z) :

[13] (Z) == (7’(1/ — 61) Ha / (ch - 62)), 2 == pr

Using similar arguments, we obtain

.9

n m @ ‘
& 0,500, %495, * B 1 (0 = Dy ) 0 2O Ttk 74w+

k=0 j=0
ZRes[ ( W—fh - 2,”?_52)F(p)ept]+rmn(t)

When ¢ = ¢; == 1 , the following relation holds:
O (0) = (—1)¥ (3 / 9By + 9/ B)* @ (—%y / By, —42/ o)

The estimate of rmy (1) retains the form of (2, 14) when v = 0,4 = 0.
Example 2 The operator expression (1 + 7,95* (By) + %295 (Ba))1, x,,
%, > 0, B;, B, <{ 0, has, according to (3.4), the following representation:

(149, (B) -+ a9, (81 = (1 — 5 —22)"
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%By” + “282 £
2(1— xlﬁ’l_uﬂg-l )‘/2 T(t—r) +r(t)

From (2. 14) we obtain

M, (2r) . _ Y,
]rl(t)fg‘g—n'tz, Mz<(]+|51g 52|) %
[ *? 2%
T T |51~52|+—g3->
r=1+ a, %=max{x, %}, g=min gty 7=1,2,3,4 r<Yy g= 18
r> 1, g = | B; | sinqr; By, = —1/, fer + ea = ((ey — ex)? + 4%1"2)1/’]
(@ =% — By, e =% — B,

Asymptotic expansion of the function of the operator 4* with kernel (1, 3) is obtained
in the analogous manner,
Example 3, Let ¢ (@*)f()=¢" "1 0=12...,q() =xPy(}, 1), %>
0,, <0. Then

PQE) =27 1=(p—N, PEH=00)=x" v=o0

m
F(p)= —1; = Z (= AT (p— 1 4 (— ™A (p — )™
=0

Thus we have, in accordance with the expressions (2. 4), (2.6), (2.7) and (2.14), n =
0,pn=0, n=0, A =A% M, =x" My, =0, and from (2, 9), (2. 14) foll-
ows

®OPXY (1) 1 = %@ M Z (— YA, (15 — ro) + (3.9)

(O]

2 ¢
(— M@ + Tonn {®)

L rmn ) 1 <<%@ A" ™2MT, (;m —ro+2) /5, m—ro+2>0

If ro is an integer, then the branch point of the function
®/Ip (b — W' 1 = LOPL () 1)

at p = ) is replaced by a pole, and this simplifies the expression (3. 5) since in this
case rpn (1) =0 and wehave T, (7 —re) =0 when ;> ro .

4, Using (2.12), we construct an analytic expression for approximating the quant-
ity rmn (£) . Letus approximate the function V () using combinations of the ex-
ponential expressions and power functions, Since the multiplier e~* decays rapidly,
it is sufficient to attain a good approximation to V () at the initial part of the inter-
val of integration, ensuring at large x only that the manner of behavior is similar,
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et V(@)= Rapbit®, 8> —1, A;<0
)
Then
v @4+ ¢ ~
-%tV (1) dx = A AL —xt _ 05 Aax
(§ € (z) dzx ]Z wj (t — i {"§ e [V(x) }j_laﬂ’ e }d“

The last integral can be used to assess the error of approximation.

To illustrate this, let us consider the convolution 3 * (B)-1 the Laplace trans-
form of which (p" — $)7p™ for 0<r <1, <0, |arg p | < n has a unique sing-
ularity, namely a branch point at p = 0. Since A =0 and F (p) = p™?, there-
fore we have in(2.6) & =1, m =0, 0= —1 and v, = 0. Here @ (z) = (z —
B and v = 0, and to fulfil the conditions (2. 11) it is sufficient to put rn =0,
which yields p, = B~1p" (p" ~— B)-1. In accordance with (2.9), (2.12) and (2, 13),
we obtain [7]

o
1 sin s S BTt 2z (4.1)

9:»*(5)'1="_T+ np . 2 42z cos r 1

Let r=0.3 (@ =—0.7). We interpolate the decaying function ™! (2* + 227
cos ir + 1)™*  on the interval [0, 4] using the expression

2T103% (1 — 1,482 + 0.5872%" 4 0.022%7)
From (4. 1) follows

4
3* . (B)1 =~ — Bt + (np)yisinar ) AT (jr) Y Ay =1, (4.2)
ji=1

A, = —1.18, A;=0.587, A, =0.02, y= (t-+0.3", =B
Comparison of the values computed with help of the formula (4. 2) with those given
in tables [8] shows that at © = 0.1 the error is about 5%, at T = 0.2 it does not ex-

ceed 1.5% and at T > 0.3 the values practically coincide, It must however be re-
membered that the asymptotic expansion of 9,* (f)-1 [8] hold only when <> 1.
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